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Let QA denote the class of bounded linear Hilbert space operators
T which satisfy the operator inequality T∗|T2|T ≥ T∗|T|2T . It is
proved that if T ∈ QA is a contraction, then either T has a nontrivial
invariant subspace or T is a proper contraction and the nonnegative
operator D = T∗(|T2| − |T|2)T is strongly stable. It is shown that if
T ∈ QA is a contraction with Hilbert–Schmidt defect operator such
that T−1(0) ⊆ T∗−1(0), then T is completelynon-normal if andonly
if T ∈ C10, and a commutativity theorem is proved for contractions
T ∈ QA. Let Tu and Tc denote the unitary part and the cnu part
of a contraction T , respectively. We prove that if A = Au ⊕ Ac and
B = Bu ⊕ Bc areQA-contractions such thatμAc < ∞, then A and B
are quasi-similar if and only Au and Bu are unitarily equivalent and
Ac and Bc are quasi-similar.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
Let B(H) denote the algebra of bounded linear operators on a Hilbert space H. Recall [5] that
T ∈ B(H) is called p-hyponormal if (T∗T)p ≥ (TT∗)p for p ∈ (0, 1], and T is called paranormal if
||T2x|| ≥ ||Tx||2 for all unit vector x ∈ H. Following [5] we say that T ∈ B(H) belongs to class A if
|T2| ≥ |T|2. We shall denote classes of p-hyponormal operators, paranormal operators, and class A
operators byH(p), PN , and A, respectively. It is well known that
H(p) ⊂ A ⊂ PN . (1)
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In [8] Jeon andKimconsidered an extension of the notion of classA operators;we say that T ∈ B(H)
is quasi-class A if
T∗|T2|T ≥ T∗|T|2T .
We shall denote the set of quasi-classA operators byQA. ClassQA properly contains classA. Actually,
as shown in [8, Lemma 1], an operator T ∈ QA has a matrix representation
T =
⎛
⎝ A B
0 0
⎞
⎠
⎛
⎝ T(H)
T∗−1(0)
⎞
⎠ , (2)
where A ∈ A. It is well known that
H(p) ⊂ A ⊂ QA. (3)
In view of inclusions (1) and (3), it seems reasonable to expect that the operators in class QA are
paranormal. But there exists an example of a class QA operator which is not paranormal [8].
Recall, [10], that a contraction A is said to be a proper contraction if ||Ax|| < ||x|| for every nonzero
x ∈ H. A strict contraction (i.e., a contraction A such that ||A|| < 1) is a proper contraction, but a
proper contraction is not necessarily a strict contraction. Kubrusly and Levan [10] have proved that if
a hyponormal contraction A has no nontrivial invariant subspace, then (a) A is a proper contraction
and (b) its self-commutator [A∗, A] is a strict contraction. In Section 2 we extend these results to
contractions in QA.
Operators A, B ∈ B(H) are said to be quasi-similar, denoted A ∼ B, if there exist quasi-affinities
X, Y ∈ B(H) such that AX = XB and BY = YA. ThemultiplicityμA of A is the minimum cardinality of a
set K ⊆ H such thatH = ∨∞n=0 AnK . For a contraction T ∈ B(H), let Tu and Tc denote the unitary part
and the cnu part of T , respectively. Hastings [7] proved that if A and B are subnormal contractions in
B(H) such that Ac has finite multiplicity, then A ∼ B if and only if Au, Bu are unitarily equivalent and
Ac ∼ Bc; this was extended to hyponormal contractions byWu [14]. In Section 3 we extend this result
to contractions in QA.
2. QA-contractions
In the following we extend results of Kubrusly and Levan [10] to QA-contractions. We start with
the following result.
Lemma 2.1. If T ∈ QA is a contraction, then the non-negative operator D = T∗(|T2| − |T|2)T is a
contraction such that the power sequence {Dn} converges strongly to a projection P satisfying T2P = 0.
Proof. Set R = D 12 . Then, for every x ∈ H,
(Dn+1x, x) = ||Rn+1x||2 = (DRnx, Rnx) = (T∗|T2|TRnx, Rnx) − (T∗|T|2TRnx, Rnx)
 (|T2|TRnx, TRnx)  |||T2| 12 TRnx||2  ||Rnx||2 = (Dnx, x),
which implies that D is a contraction. Evidently, the sequence {Dn} being a monotonic decreasing
sequence of non-negative operators converges to a projection P. Observe from the above that
m∑
n=0
||T2Rnx||2 
m∑
i=0
||Rnx||2 −
m∑
n=0
||Rn+1x||2 = ||x||2 − ||Rm+1x||2  ||x||2
for every x ∈ H and non-negative integerm. Hence ||T2Rnx|| −→ 0 as n −→ ∞. Consequently,
T2Px = T2 lim
n−→∞D
nx = lim
n−→∞ T
2R2nx = 0,
for every x ∈ H. Hence T2P = 0. 
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It is easily seen that operators T ∈ A have ascent 1; hence, if the contraction T of Lemma 2.1 is
a class A operator, then TP = 0 [4, Proposition 2.1].
Recall that T ∈ B(H) is a C0.-contraction (resp., C1.-contraction) if ||Tnx|| converges to 0 for all
x ∈ H (resp., does not converge to 0 for all non-trivial x ∈ H); T is of class C.0, or C.1, if T∗ is of
class C0., respectively C1.. All combinations are allowed, leading to the classes C00, C01, C10 and C11 of
contractions [12, p. 72]. In the following, we write cnu part for the completely non-unitary part of a
contraction.
Theorem 2.2. If T ∈ QA is a contraction with no non-trivial invariant subspace, then: (a) T is a proper
contraction; (b) the non-negative operator D = T∗(|T2| − |T|2)T is a strongly stable contraction (and
hence of class C00).
Proof. If either of T−1(0) or T∗−1(0) is non-trivial, then T has a non-trivial invariant subspace. Hence,
if T ∈ QA has no non-trivial invariant subspace, then T is injective and has dense range. Consequently,
T ∈ A. The proof now follows from [4, Theorem 2.2]. 
As stated in (2), an operator T ∈ QA has a matrix representation
T =
⎛
⎝ A B
0 0
⎞
⎠
⎛
⎝ T(H)
T∗−1(0)
⎞
⎠ ,
where A ∈ A. Since operators A ∈ A satisfy (Bishop’s) property (β) [2], operators T ∈ QA satisfy
property (β). Recall from [11, Proposition 3.3.18] that if an operator T satisfying property (β) is super-
cyclic, then |λ| equals the spectral radius r(T) of T for every λ ∈ σ(T). Since an invertible class QA
operator is of class A, and since an operator of class A with spectrum in the unit circle is unitary, we
have:
Proposition 2.3. Operators T ∈ QA are not supercyclic.
Proof. Wemay assume that (0 =)T is such that ||T|| = 1. If T is supercyclic, then σ(T) ⊆ {λ : |λ| =
r(T)}. In particular, 0 /∈ σ(T), which implies that T ∈ A. Since operators in class A are normaloid (so
that r(T) = ||T|| = 1), σ(T) is contained in the unit circle. Hence T is unitary. This is a contradiction
(since no normal operator on an infinite dimensional Hilbert space can be supercyclic). 
Observe that if T ∈ QA has countable spectrum, then A ∈ A is normal; hence operators T ∈ QA
with countable spectrum are the sum of a normal operator and a nilpotent operator. Also, contractions
T ∈ QA have C.0 cnu part. This is seen as follows. Recall that contractions in the class A have C.0 cnu
part. Letting x = x1 ⊕ x2, x1 ∈ TH and x2 ∈ ker T∗, it follows from the above representation of T that
||T∗nx|| = ||A∗nx1 ⊕ B∗A∗n−1x1||  ||A∗nx1|| + ||B∗||||A∗n−1x1||
converges to 0 as n → ∞. The fact that a cnu contraction of classQA is of the class C.0 of contractions
implies that if TX = XV∗ for some T ∈ QA, operator X ∈ B(H) and an isometry V ∈ B(H), then
T∗X = XV [3].
Let S ∈ B(H) be a hyponormal contraction such that its defect operator (1−S∗S) 12 is of theHilbert–
Schmidt class C2. Then S is completely non-normal (equivalently, pure) if and only if S ∈ C10 (see [13]).
Recall that the eigenvalues of a hyponormal operator are normal (i.e., the eigenspaces are reducing).
We prove that a result similar to that of [13] holds for completely non-normal contractions T ∈ QA
such that T−1(0) ⊆ T∗−1(0). More precisely:
Theorem 2.4. Let T ∈ QA be a contraction with Hilbert–Schmidt defect operator such that T−1(0) ⊆
T∗−1(0). Then T is completely non-normal if and only if T ∈ C10.
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Proof. The backward implication being evident,we prove the forward implication. T being completely
non-normal is a C.0 contraction, and as such it has an upper triangulation T =
⎛
⎝ T1 ∗
0 T2
⎞
⎠, where
T1 ∈ C00 and T2 ∈ C10. Since T has Hilbert–Schmidt defect operator, T1 has Hilbert–Schmidt defect
operator. Hence T1 ∈ C0 (see [1, Theorem 3.12] or [12]). As a C0 contraction T1 has a triangulation
T1 =
⎛
⎝ T11 ∗
0 T12
⎞
⎠, where σ(T11) = σp(T11) is an (at most) countable subset of the open unit disc D
and σ(T12) is a subset of the boundary ∂D of D (see [1, p. 153]). Observe that T1 ∈ QA is completely
non-normal, andhencehasnoeigenvalues (since thenon-zeroeigenvaluesof aQAoperator arenormal
[8, Theorem 2.4], and the hypothesis T−1(0) ⊆ T∗−1(0) implies that if 0 is an eigenvalue of T1 then it
is a normal eigenvalue). Hence the part T11 of T1 is missing, and T1 = T12. Recall (from above) that a
QA operatorwith spectrum in ∂D is unitary. Since T is cnu, T has no C0 part. Consequently, T ∈ C10. 
Theorem2.4may fail in theabsenceof thehypothesis thatT−1(0) ⊆ T∗−1(0): consider, for example
a 2-nilpotent operator with Hilbert–Schmidt defect operator.
Let P denote the class of contractions S ∈ B(H)with C.0 cnu part such that: (i) the eigenspaces of S
are reducing; (ii) the defect operator (1 − S∗S) 12 is of the Hilbert–Schmidt C2; and (iii) the restriction
of S to an invariant subspace is again in P . Trivially, isometries in B(H) are class P operators. The
following theorem generalizes [4, Theorem 3.1] to prove that:
Theorem 2.5. If T ∈ QA is such that T−1(0) ⊆ T∗−1(0), then TX = XS∗ for some X ∈ B(H) and S ∈ P
implies T∗X = XS.
Proof. Recall, from the proof of Theorem 2.4, that the eigenvalues of T are normal. Assume that TX =
XS∗ for some non-trivial operator X ∈ B(H), where T and S are as in the statement of the theorem.
Set T0 = T|ranX , S0 = S|ker⊥ X and define the quasiaffinity X0 : ker⊥ X → ranX by setting X0x = Xx
for each x ∈ ker⊥ X . Then T0X0 = X0S∗0 , where T0 ∈ QA has normal eigenvalues and the contraction
S0 ∈ P . Recall that T satisfies property (β); hence T0 satisfies property (β). Since X0 is a quasiaffinity
and T0X0 = X0S∗0 , [11, Corollary 3.5.11] implies that σ(T0) ⊆ σ(S∗0). Observe that if 0 is in the point
spectrum σp(S0) of S0, then (0 ∈ σp(S∗0), and so) 0 ∈ σp(T0), which (in view of the hypothesis
T−1(0) ⊆ T∗−1(0)) implies that T0 is the direct sum of the 0 operator with a class A operator; if,
instead, 0 /∈ σp(S0), then (S∗0 has dense range, and so) T0 has dense range, and hence T0 a class
A operator. In either case, T0 is normaloid (recall, [4], that class A operators are normaloid), which
since σ(T0) ⊆ σ(S∗0) implies that T0 is a contraction. Decompose T0 and S0 into their normal and
completely non-normal parts by T0 = Tn ⊕ Tp and S0 = Sn ⊕ Sp. Then Tp ∈ QA and Sp ∈ P are
cnu C.0 contractions. Letting X0 have the corresponding matrix representation X0 =
⎛
⎝ X1 X2
X3 X4
⎞
⎠, it is
seen that TnX2 = X2S∗p and TpX3 = X3S∗n (⇐⇒ SnX∗3 = X∗3 T∗p ): we prove that X2 = X3 = 0. Suppose
that X2 = 0. Let E = Tn|ranX2 and F = Sp|ker⊥ X2 ; then E is subnormal and F ∈ P is a completely
non-normal contraction. Letting Y : ker⊥ X2 → ranX2 denote the quasiaffinity defined by setting
Yx = X2x for each x ∈ ker⊥X2 we have that EY = YF∗. Since E ∈ C.0 and F∗ ∈ C0., it follows that E and
F are C00 contractions. Furthermore, since (1− F∗F) ∈ C2, E and F∗ are (quasi-similar) C0 contractions
with σ(E) = σ(F∗) (see [1] or [12]). The subnormality of E now implies that σ(E) = σp(E) (is, at
most, a countable subset of the open unit discD). But then F∗ has a normal eigenvalue, a contradiction.
(Here, if σp(E) = {0}, then E = F = 0.) Hence X2 = 0. A similar argument applied to the equation
SnX
∗
3 = X∗3 T∗p implies that X3 = 0, and we conclude that X1 and X4 are quasi-affinities. We prove next
that X4 is the trivial operator: this would then imply that T0X0 = X0S∗0 , where T0 and S0 are normal,
and hence by the Putnam–Fuglede theorem [6] that
T∗0 X0 = X0S0 ⇒ T∗X = XS.
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Assume that X4 = 0. Let P = Tp|ranX4 , Q = Sp|ker⊥ X4 and let Z : ker⊥ X4 → ranX4 denote the
quasi-affinity defined by setting Zx = X4x for each x ∈ ker⊥X4. Then the equation TpX4 = X4S∗p
implies that PZ = ZQ∗, where P ∈ QA and Q ∈ P are completely non-normal C.0 contractions.
Evidently, P and Q are C0 contractions. Observe that if σp(P) (or, σp(Q)) is non-empty, then P (resp., Q )
has a normal direct summand. Hence σp(P) = ∅. Recall from [12] that every C0 contraction L has an
upper triangularmatrix representation L =
⎛
⎝ L1 ∗
0 L2
⎞
⎠, where σ(L1) = σp(L1) is (at most) a countable
subset of the open unit disc D and σ(L2) is contained in the boundary ∂D of D. Since σp(P) = ∅, we
must have that σ(P) ⊆ ∂D. But then P is unitary – a contradiction. Hence X4 = 0. This completes the
proof. 
3. Quasi-similarQA-contractions
In the following we extend results of Hastings [7] and Wu [14] to QA-contractions.
Theorem 3.1. If A = Au ⊕ Ac and B = Bu ⊕ Bc are QA-contractions such that μAc < ∞, then A ∼ B if
and only Au and Bu are unitarily equivalent and Ac ∼ Bc.
Proof. The “if” part being evident, we prove the “only if” part. Start by recalling that Ac and Bc are
C.0-contractions; hence A and B have triangulations
A =
⎛
⎜⎜⎜⎝
Au 0 0
0 A00 ∗
0 0 A10
⎞
⎟⎟⎟⎠ and B =
⎛
⎜⎜⎜⎝
Bu 0 0
0 B00 ∗
0 0 B10
⎞
⎟⎟⎟⎠ ,
where A00 and B00 are C00-contractions, and A10 and B10 are C10-contractions [12, Theorem II.4.1]. Let
AX = XB and BY = YA, where X and Y ∈ B(H) are quasi-affinities. Then X and Y have representations
X = [Xij]3i,j=1 and Y = [Yij]3i,j=1. Observe that AuX12 = X12B00; since Au is unitary and B00 ∈ C00,
‖X12x‖ = ‖AnuX12x‖  ‖X12‖ ‖Bn00x‖ → 0
as n → ∞ for all x ∈ dom(X12) (where, for an operator S, dom(S) denotes the domain of S). Hence
X12 = 0. Again, A10X32 = X32B00. The operator A10 being a C10-contraction there exists a quasi-affinity
Z and a unilateral shift U such that ZA10 = UZ [12, Proposition II.3.5]; hence
‖ZX32x‖ = ‖UnZX32x‖  ‖ZX32‖ ‖Bn00x‖ → 0
as n → ∞ for all x ∈ dom(X32), which implies that ZX32, and so X32, is the 0 operator. Arguing
similarly it is seen that indeed X21 = X31 = 0 = Y12 = Y21 = Y31 = Y32. Thus X11 and Y11 are
injective, and
X0 =
⎛
⎝ X22 X23
0 X33
⎞
⎠ and Y0 =
⎛
⎝ Y22 Y23
0 Y33
⎞
⎠
have dense range. The equalities AuX11 = X11Bu and BuY11 = Y11Au imply that ranX11 reduces A, ranY11
reduces B, Bu is unitarily equivalent to Au|ranX11 and Au is unitarily equivalent to Bu|ranY11 . Thus, Au and
Bu are unitarily equivalent to direct summands of each other. Hence, Au and Bu are unitarily equivalent
[9].
The hypothesisμAc < ∞, taken alongwith the facts that X0 and Y0 have dense range, AcX0 = X0Bc
and BcY0 = Y0Ac , implies that μAc = μBc < ∞. Consequently, since μA10  μAc and μB10  μBc ,
both μA10 and μB10 are finite. Recall from [14, Theorem 3.7] that if an operator S ∈ B(H) has dense
range and is in the commutant of a finite multiplicity C1.-contraction T ∈ B(H), then S is injective.
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Evidently, A10X33Y33 = X33Y33A10 and B10Y33X33 = Y33X33B10, where X33Y33 and Y33X33 have dense
range; hence X33Y33 and Y33X33 are quasi-affinities. But then X33 and Y33 , and so also X0 and Y0, are
quasi-affinities; hence Ac ∼ Bc . 
Choosing the contractionB in thepreceding theoremtobean isometry,wehave the followingexten-
sion of [14, Corollary 3.11] toQA-operators. Recall that every isometry V ∈ B(H) has a decomposition
V = Vu ⊕ V10, where V10 ∈ C10 is a unilateral shift.
Corollary 3.2. Let A ∈ QA be such that (its pure part) Ap has finite multiplicity. Then A ∼ V for some
isometry V ∈ B(H) if and only if An is unitarily equivalent to Vu and Ap ∼ V10.
Proof. Isometries being QA-operators satisfy property (β); thus A ∼ V implies σ(A) = σ(V) = D,
and hence that A is a contraction. Decomposing A into its normal and pure parts by A = An ⊕ Ap,
Ap ∈ C.0, and letting V = Vu ⊕ V10, it is seen that if SX = XV and VY = YS, X = [Xij]2i,j=1 and
Y = [Yij]2i,j=1, for some quasi-affinities X and Y ∈ B(H), then AcX21 = X21Vu and V10Y21 = Y21An.
Clearly, X21 = 0. Applying the Putnam–Fuglede theorem to V10Y21 = Y21An it follows that ranY21
reducesV10 andV10|ranY21 is unitary. Consequently,Y21 = 0,Y11 is injective andVuY11 = Y11An. Another
application of the Putnam–Fuglede theorem to VuY11 = Y11An now shows that ranY11 reduces Vu and
An is unitarily equivalent to Vu|ranY11 . Hence An is unitary (and unitarily equivalent to Vu). Applying
Theorem 3.1, Ap ∼ V10. 
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